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Measurement and Scale-Up of Secondary 
Nucleation Kinetics for the Potash 
Alum-Water System 

Secondary nucleation kinetics for potaih alum in draft-tube baffled crys- 
tallizers have been determined from steady state crystal size distributions 
measured down to about 5 pm. Differences in nucleation rates were found 
for crystallizers of similar geometry but different capacity. Models relathg 
the frequency of crysta’l/propeller collisions to crystallizer geometry and 
operating parameters were compared. In general, these successfully ac- 
counted for the observed differences in nucleation rates. 
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SCOPE 
Nucleation rates in continuous crystallizers can be mea- 

sured using the mixed suspension mixed product removal 
(MSMPR) concept (Randolph and Larson 1971). However, 

Correspondence concerning this paper should be addressed to J. Gar- 
side. S .  J. JankE is now with Delft University of Technology, Labora- 
tory for Process Equipment, Delft, Netherlands. 

when the crystal growth rate is size-dependent in the range 
of sizes into which secondary nuclei are produced, the 
nucleation rate cannot be unambiguously calculated from 
the crystal size distribution (CSD) unless the size-depen- 
dent growth rate is determined by independent measure- 
ments. The first objective of the work reported here is 
to combine growth rates that had been measured previ- 
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ously for the size range 3-1500 pm (Garside and Jan%& 
1976) with experimental steady state CSDs, to estimate 
the secondary nucleation kinetics of potash alum in an 
MSMPR crystallizer. 

In any crystallizer, the overall nucleation rate is deter- 
mined by the interaction of the secondary nucleation char- 
acteristics of the material being crystallized with the 
hydrodynamics of the crystal suspension. Previous au- 
thors (e.g., Ottens and de Jong 1972, 1973 and Evans et al. 

1974) developed equations relating the nucleation rate in 
crystal suspensions to operating parameters using the re- 
sults of fundamental studies on secondary nucleation 
(Clontz and McCabe, 1971) as a guide to the mechanisms 
involved. The second objective of the present work is to 
apply such concepts to a draft-tube baffled (DTB) crystal- 
lizer configuration, and investigate whether, on the basis 
of such models, nucleation rates measured at one scale of 
operation can predict rates at other scales and under dif- 
ferent conditions. 

CONCLUSIONS AND SIGNIFICANCE 

To estimate the size-dependent secondary nucleation 
rate, a highly accurate determination must be made of 
the population density distribution and the size-depen- 
dent growth rate at sizes into which the majority of sec- 
ondary nuclei are produced (less than about 10 pm). Such 
accuracy is not achieved in this study. Total nucleation 
rates, BTOT,  are therefore determined from the popula- 
tion density distribution, using the relationship that the 
total nucleation rate is equal to the total number of crysals 
in the crystallizer divided by the residence time. 

Values of BToT from three crystallizers of capacities 
1.3, 5, and 30 litre were correlated with concentration driv- 
ing force, stirrer speed, and magma density. For similar 
values of these variables, nucleation rates in the 30 litre 
vessel were some 20 times higher than in the smaller crys- 
tallizers. 

Different models for secondary nucleation rates in agi- 
tated crystallizers can be written in the form 

BTOT = Ki-q f ( G ) N b  pj ACm 

where f ( G )  is a function of crystallizer geometry and 
size. The form of f (G),  as well as the values of b and i, 
depends on the assumptions made in developing the 
model. The equations of Ottens and de Jong (1972, 1973), 
of Evans et al. (1974), and of Janzi6.(1976) were used to 
predict nucleation rates in the 5 and 30 litre vessels from 
measurements at the 1.3 litre scale. All gave reasonable re- 
sults. Scale-up of nucleation kinetics appears to be pos- 
sible using relatively simple hydrodynamic models to de- 
scribe the average flow characteristics of the crystal sus- 
pension. 

The derivation of nuc!eation and growth kinetics from 
steady state crystal size distributions (CSD) in continuous 
mixed suspension, mixed product removal (MSMPR) 
crystallizers is a well-established technique. Size-dependent 
crystal growth rates, particularly in the small size range, 
complicates the analysis of such CSDs. If size-dependent 
growth occurs in ranges into which secondary nuclei are 
produced, then neither the growth nor the nucleation rates 
will be unambiguously deduced from the steady state 
CSD. 

Results from a number of studies have indicated that 
very small crystals (say, less than about 20 pm in size) 
grow very slowly (Randolph and Cise 1972, Bujac 1976, 
van? Land and Wienk 1976, Rusli 1978, Garside 1978). 
In a previous paper, we reported crystal growth kinetics 
for potash alum crystals over the size range 3-70 pm (Gar- 
side and Jan% 1976). Growth rates were measured in a 
small (250 ml) batch crystallizer, using a Coulter 
Counter to follow the changing size of seed crystals. On 
the basis of these measurements, and previously pub- 
lished results for the size range 500-1700 pm (Mullin and 
Garside 1967), overall growth kinetics of potash alum in 
a typical laboratory crystallizer were estimated. These 
overall rates are strongly size-dependent for sizes less than 
about 100 pm, but become almost independent of size for 
crystals larger than about 500 pm. 

In this work, these independently-measured size-de- 
pendent growth rates are combined with experimental 
CSDs from continuous MSMPR crystallizers to obtain 

size-dependent secondary nucleation rates and so avoid 
having to make limiting assumptions concerning either 
the growth or nucleation rates of very small crystals 
(Youngquist and Randolph 1972, Randolph and Cise 
1972). 

Studies of secondary nucleation show that secondary 
nuclei are easily produced in size ranges between about 
1 and 20 pm as a result'of low energy contacts between a 
growing crystal and a solid rod (Garside and Larson 1978, 
Garside et al. 1979). The rate of nuclei production aris- 
ing from coYisions of crystals with the stirrer, crystallizer, 
or other crystals depends on the surface morphology of 
the crystals and on the collision energy and collision fre- 
quency (Clontz and McCabe 1971, Bauer et al. 1974, 
Larson and Bendig 1976). Energy and frequency factors 
are determined by the hydrodynamic characteristics of the 
crystallizer/crystal suspension system. Several flow models 
relating these factors to crystallizer parameters have been 
published (e.g. Ottens and de Jong 1972, 1973, Bennett 
et al. 1973, Evans et al. 1974). In the second part of 
this article, such models are used to examine the in- 
fluence of scale on nucleation kinetics. 

EXPERIMENTAL TECHNIQUES AND PROCEDURE 

Full details of the crystallizer design and experimental pro- 
cedure have been published previously (Jan&< and Garside 
1975; Janci6 1976). Three crystallizers of similar, but not 
identical, geometry are used. Working capacities are 1.3, 5, 
and 30 litre, and they are of the same design described by Jones 
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Figure 1. Crystallizer geometry (see Table 1 for dimensions of the 
three crystallizers). 

TABLE 1. DETAILS OF CRYSTALLIZER GEOMETRY 
(DIMENSIONS DEFINED IN FIGURE 1 )  

Working capacity 

Dimension 1.3 litre 5 litre 30 litre 

235 
175 
27 

170 
25 
84 
60 
83 
65 

0.50 
. 3  2.95 x 10-3 

378 
300 

65 
300 
40 

140 
50 

136 
120 

1.00 
6.92 x 10-3 

and Mullin (1973). Figure 1 shows a crystallizer, and the 
important dimensions are given in Table 1. 

The crystallizers are cylindrical glass vessels, I ,  fitted with 
a hollow, stainless steel draft-tube, 2, through which cooling 
water can be circulated. The draft-tube is supported in posi- 
tion by four vertical stainless steel baffles, 3, positioned be- 
tween the draft-tube and the vessel wall. Agitation is provided 
by a three-bladed marine type propeller, 4, located on the 
center line of the draft-tube. Polyethylene propellers are used 
in the two smaller crystallizers, while that employed in the 

30 L crystallizer is constructed of stainless steel. Subsequent 
experiments in which the stainless steel propeller is coated 
with polyethylene show no differences in the nucleation rate 
(Manjaly 1978) and so results from these three vessels can be 
compared on a realistic basis. 

Feed solution was introduced in the draft-tube just above 
the propeller, which acted as an internal pump and directed 
the flow of suspension downward, thoroughly mixing the 
feed solution with the circulating magma. Product crystals are 
removed intermittently through a 5 mm i.d. glass tube, 5, 
extending to the lower end of the draft-tube. Not more than 
10% of the tank contents are extracted during a short period 
at regular intervals. The bottom end of the off-take tube is 
shaped into a cone, this geometry being found to favor isokinetic 
removal of samples that are representative of the crystallizer 
contents. Preliminary tests involving measurements of the 
transients undergone by a predetermined CSD when washed 
out of the crystallizer by saturated solution show that all three 
crystallizers conform to the mixed suspension, mixed product 
removal concept (Jan;& 1976). 

The potash alum/water system is used in the present study. 
All experiments are performed at 30"C, supersaturation being 
produced by cooling. Solution concentration in the crystallizer, 
and hence the operating supersaturation, is determined via 
solution density measurements. The pyknometric method used 
is estimated to give 95% confidence limits in the measured 
values of Ac equivalent to about 230% at Ac = 10-3 kg 
hydrate/kg solution and about 2 4 %  at 10-2 kg hydrate/kg 
solution (Jan%, 1976). 

The steady-state crystal size distribution is measured using 
both sieves and a multichannel Coulter Counter (Model TA). 
British Standards specification sieves (British Standards, 1969) 
are used to cover the sue range between 37 and 1680 /an, 
while a 280 pm Coulter orifice tube enables measurements to be 
made in the range 5 to 112 pm. 

Full details of the Coulter Counter technique have been 
given elsewhere (]ansic/ and Garside 1975; Jancic 1976), but 
two essential features of the method must be emphasized 
here. Firstly, the samples for Coulter Counter analysis are ob- 
tained from the crystallizer by withdrawing a 1 ml slurry sam- 
ple with a pipette. This sample is then introduced directly 
into the Coulter Counter sampling beaker through a 125 q 
aperture wiremesh. The small suspended crystals (<125 q) 
are thus not subjected to filtration, washing, or drying steps 
which would likely affect the original size distribution. Second, 
the electrolyte solution used for the Coulter Counter analysis 
is a saturated potash alum solution at the crystallizer operating 
temperature, with the solution temperature thermostatically 
controlled. Changes in crystal size distribution resulting from 
crystal growth or dissolution in the sampling beaker are thus 
minimized. 

DERIVATION OF THE NUCLEATION RATE 

For an MSMPR crystallizer operating at steady state, 
the general population balance when the death of parti- 
cles is assumed negligible reduces to (Randolph and Lar- 
son 1971) 

where the first term represents the net rate of loss of crys- 
tals of size L to L + dL by growth, the second term 
represents the rate of loss of crystals by flow out of the 
crystallizer, and the third term is the birth rate or rate of 
formation of new crystals. Equation (1) may be rewritten 

f som n d L  = -s," d [ n G ( L ) ]  +Jam B(L)dL 

and so 

since nw Gw is zero as nm + 0. 
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Figure 2. Population density plot for a typical run. Inset shows the 
small size range on an enlarged scale. 

The first term in Equation ( 2 )  represents the total nu- 
cleation rate. Since on average all the crystals in the 
crystallizer are removed in one residence time, this is 
given by the total number of crystals in the crystallizer 
divided by the residence time. This total nucleation rate 
is made up of 1 )  a convective flux of nuclei across the 
boundary L = 0, i.e., the no GO term, and 2). the size-de- 
pendent secondary nucleation rate which produces parti- 
cles at a rate B ( L )  TOT over a range of sizes. 

The slope of a population density plot (i.e. the plot of 
In n against L )  can be derived from Equation (1) as 

For size-independent growth, and when all nuclei are pro- 
duced at zero size, the second and third terms respec- 
tively on the right hand side of Equation (3) vanish and 
the slope is given by the well-known expression - 1 / G .  

By rearranging Equation (3)  ) the size-dependent sec- 
ondary nucleation rate B ( L )  can be expressed as 

B ( L )  can thus be obtained from a population density plot 
i f G ( L )  is known. 

The steady state CSD from a typical MSMPR experi- 
ment is shown as a population density plot in Figure 2. 
The inset is an enlarged version for the size range 
0-100pm. The population density plot shows slight curva- 
ture for sizes greater than about 100pm, but below this 
size, population density increases very much more rapidly. 

Figure 3 shows the overall size-dependent growth rate, 
calculated by combining the surface integration rates re- 
ported previously (Garside and Jancic 1976) with the 
mass transfer rates app?icable to the experimental crys- 
tallizer. Mass transfer rates are calculated from the cor- 
relation of Levins and Glastonbury (1972) for fluid- 
particle mass transfer in stirred tanks. The resulting over- 
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Figure 3. Estimated growth rates for the conditions used to obtain 

the results in Figure 2 

100 

- 
'E 
I 
I 

-I 
u . 
C 
U 

U 

(3 10-1 

t 

? 

- 

I- 

- 
- 10-2 

-I 
U 
C 
C 
U 

. 
- 

lo-) 

Crystal size, L (wnvn) 
Figure 4. Values of terms appearing in the expression for nucleation 
rate (Equation 4), for the conditions used to obtain the results in 

Figures 2 and 3. 

all growth rates become increasingly controlled by the 
volume diffusion step as the crystal size increases. At 
larger sizes, the increasing volume diffusion resistance 
counteracts the increasing surface integration kinetics. 
Above about 500 pm, the overall growth rate is almost in- 
dependent of size, For small sizes, particularly below 
about 15 pm, overall growth is strongly size-dependent. 

Attempts were made to estimate B ( L )  using Equation 
(4)  and the results shown in Figures 2 and 3. Magnitudes 
of the different terms on the right-hand side of Equation 
(4)  are shown Figure 4, both 1/G ( L )  r and d In G( L )  / d L  
being obtained from the independent growth rate mea- 
surements given in Figure 3. d In n / d L  is negative for 
all va!ues of L while the other two terms are positive. At 
small sizes the contribution from the d In G ( L ) / d L  term 
is much larger than that from l /G(L)T .  At larger sizes, 
d In G ( L ) / d L  becomes negligible and d In n/dL N 
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TABLE 2. RANGE OF E X P E N ~ ~ ~  CONDITIONS 
WERE PERFORMED 

Crystallizer working capacity 
Variable 1.3 litre 5 litre 30 litre 

Supersaturation 
(kg hydratekg 
solution ) 
x 102 0.2-1.0 0.3-0.8 0.2-0.5 

Suspension density 

Stirrer speed 

Specific power 

Residence time 

f g/litre ) 15-120 15-50 20-70 

( rev/min ) 1,200-2,100 1,300-2,000 850-1,100 

input (W/kg) 0.2-0.9 0.1-0.7 0.7-1.5 

(mh)  10-60 15-60 30-60 

10-1 10-1 10-3 10-2 10-3 

Concentration driving force, bc I k g  alum/  kg soIut1onl 

Figure 5. Modified nucleation rates for the three crystallizers; the 
lines represent Equation (7). 

- 1/G ( L)T.  For these larger sizes, therefore, the indepen- 
dent growth rate measurements give good predictions of 
the slope of the population density plot. 

The algebraic sum of the three terms, and hence B ( L ) ,  
is negative for sizes up to about 100 pm, indicating nega- 
tive birth rates. Rather than interpret these as "death 
rates," it is more likely that the results are insufficiently 
accurate to determine B ( L )  in this way. The calculation 
relies on accurate estimates of the slopes of two size-de- 
pendent functions, n ( L )  and G ( L ) .  For small sizes, 
the slope of both these functions is large and changes 
rapidly with size. At L = 5 pm, changes of less than 20% 
in the slopes would result in a positive value of B ( L )  
when using the measured value of the growth rate. 

Overall nucleation rates are therefore determined from 
the steady-state crystal size distributions in two other 
ways. First, the total nucleation rate is estimated from the 

expression BToT = - ndL (see Equation 2 ) .  A nu- 

merical procedure is used to evaluate this integral. All 
data points obtained using both sieves and Coulter 
Counter were used. 

Secondly, the nucleation rate, based on the sieve anal- 
ysis data only, Boeff, was calculated from 

1 -  

Bo, = noeffGo ( 5 )  
The points making up the population density plot obtained 
using sieves (minimum sieve size = 37 pm) are fitted to a 
fourth order polynomial and extrapolated to L = 0 to ob- 
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Figure 6. Comparison of BToT and for the 1.3 litre crystallizer. 

tain no,ff. The resulting "effective" nucleation rates are 
thus a measure of values that would be obtained using con- 
ventional sizing techniques and can be compared with the 
more realistic estimates represented by BTOT. 

N U C L E A T I O N  K I N E T I C S  

Nucleation rates in the three crystallizers are deter- 
mined as a function of concentration driving force Ac, 
stirrer speed N ,  and suspension density MT. The range of 
conditions covered is shown in Table 2, and a full analysis 
of the dependence of BToT on the individual parameters 
is given by Jancic (1976). The results are finally corre- 
lated by an empirical power law relation as has been used 
on many previous occasions 

BTOT = kN M T ~  N b  Acm 
Compared with the results from the 1.3 litre crystallizer, 
fewer data points are available and the range of variables 
covered is significantly smaller, for both the 5 and 30 litre 
crystallizers. Best values of the exponents a, b, and m are 
therefore initially determined from the results for the 
1.3 litre crystallizer. These values are consistent with the 
kinetics obtained in the larger crystallizers and are used to 
correlate the kinetics obtained in all three crystallizers. 
The final correlating equation is 

BTOT = kN MT N4.0 A 1 9 5 2  

( 6 )  

(7) 
where the values of kN were 8.66 x 4.75 X lo-* 
and 2.23 x 10-2 for the 1.3, 5, and 30 litre crystallizers re- 
spectively. (Units used for the variables appearing in 
Equation 7 are given in the Notation.) All the data points 
are plotted in Figure 5 in a form indicated by Equation 
(7 ) .  
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The values of a, b, and m are typical of results ob- 
tained from other nucleation studies in continuous crys- 
tallizers. First-order dependence of nucleation rate on sus- 
pension density for example, has been found on many 
previous occasions and according to Ottens and de Jong 
(1973) indicates that the primary source of secondary 
nuclei is crystaVstirrer or crystal/wall collisions, rather 
than crystal/crystal collisions. The comparatively low- 
order dependence on concentration driving force is typi- 
cal of secondary nucleation kinetics, while the fourth- 
order dependence on stirrer speed probably results from a 
combination of the solution hydrodynamics and the crys- 
tal/stirrer collision energy, and will be discussed in de- 
tail in the next section. Values of the constant kN show a 
strong dependence on crystallizer size. This, also, results 
from differences in the hydrodynamics within the three 
crystallizers, and will be fully discussed later. 

The nucleation kinetics presented in Figure 5 are de- 
rived from results obtained using experimental techniques 
that are often either too tedious or not available on a 
routine basis. For many purposes, a simple sieve analysis 
is the only way to determine the population density plot, 
and in such cases, some effective value for the nucleation 
rate is obtained. Figure 6 shows the correlating lines for 
these effective rates defined by Equation ( 5 )  as a func- 
tion of AC, obtained in the 1.3 litre crystallizer at three dif- 
ferent stirrer speeds, For clarity, data points are not shown. 
Included are the lines correlating values of BTo" obtained 
from the same runs. Effective nucleation rates, Boeff,  are 
about an order of magnitude smaller than the total nuclea- 
tion rates. Further, the order of dependence of the effec- 
tive nucleation rates on both Ac and N is different from 
that found for BToT. Although the dependence on AC 
varies somewhat with stirrer speed, this difference is not 
significant. The correlating equation for Boeff based on all 
results from the three crystallizers is 

Boeff  = ki\r(eff) M T  Ac2.'0 (8) 
where the values of kN(eff) are 82.5, 56.6, and 265 for the 
1.3, 5, and 30 litre crystallizers, respectively. 

Growth kinetics derived from the steady-state CSD 
obtained with a sieve analysis have been reported pre- 
viously (Garside and Jancic 1978). The growth rates are 
size-dependent and were fitted to the Abegg, Stevens, and 
Larson (1968) growth equation: 

G ( L )  = Go (1 4- Y L ) ~  
Go was found to be independent of hydrodynamic condi- 
tions. Results from all three crystallizers are correlated 
by the equation 

Go = 34.3 

units of GO and AC being defined in the Notation. The rela- 
tive kinetic order i for potash alum, when kinetics are 
based on size analysis extending to a minimum size of 
about 40 pm, is thus equal to 2.10/1.33 = 1.58. 

SCALE-UP OF SECONDARY NUCLEATION KINETICS 
The form of nucleation kinetics obtained in the present 

study suggests that nucleation is occurring by a secondary 
mechanism. Secondary nuclei are very easily removed 
from growing crystals by low energy contacts with a solid 
surface (Garside and Larson 1978, Garside et al. 1979), 
and so such a conclusion is to be expected. 

Secondary nucleation rates have been correlated by 
Equation (7)  and a reasonable fit to experimental data is 
obtained for each scale of operation (see Figure 5 ) .  The 
modified nucleation rates ( = BT#37'/MTN4), derived from 
the 30 litre crystallizer, are higher than the corresponding 
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rates for the 1.3 and 5 litre units by a factor of more than 
20. Differences in flow patterns and in the efficiency of pro- 
ducing nuclei must, however, be taken into account before 
the nucleation rates from the three crystallizers can be 
compared on a realistic basis. 

A number of authors have considered these factors 
(Ottens and de Jong 1972, 1973, Bennett et al. 1973, 
Bauer et al. 1974, Evans et al. 1974, Ramshaw 1974, 
Jan%< 1976, Nienow 1976). Their approaches are all 
based on the assumption that secondary nucleation oc- 
curs as a result of contacts between crystals and other 
parts of the crystallizer or other crystals. Calculation of 
the effects of frequency and energy of such contacts are 
separated from the functions defining the number of sec- 
ondary nuclei produced by a given contact and so, fol- 
lowing Botsaris (1976) 

(9) BTOT = (&) (F1) (FZ) 

where Et is the rate of energy transfer to crystals by col- 
lisions, F1 is the number of particles generated per unit 
of transferred energy and F2 is the fraction of particles 
surviving to becoming nuclei. Based on the results of 
Clontz and McCabe (1971), all the studies assume that 
the number of secondary nuclei produced on the impact 
of a crystal is proportional to the impact energy. Little is 
known about the functions F1 and F z ,  They can only be 
determined by empirical measurements and are invariably 
combined and written as a simple power function of the 
supersaturation. 

Et is given by an equation of the form 

it = im E ( L )  o(L) n ( L )  dL (10) 

where E ( L )  is the collision energy and o ( L )  the collision 
frequency, both being the values appropriate to the size 
range L to L + dL. Differences in the final equations for 
BTOT developed by various authors arise from different 
approaches in calculating E ( L )  and O (  L )  , 

Ottens and de Jong (1973) assume that the collision 
energy is given by 

E ( L )  a I/zmcup a L3N2 d2 

o ( L )  a l / t c  0: QprOP/Vc a Cd N d3/V,  

8, a p d5 N3 p3 /Vc  

(11) 

(12) 

while the collision frequency could be written 
I 

Then assuming Cd a p (the propeller pitch) (Brothman 
et al., 1943) 

(13) 

For flow in the fully developed turbulent region the 
power number N p  (=  P/p ,d j  N 3 )  is constant and Ottens 
and de Jong write the above equation as 

(14) 
- Eta ( p / N p )  P3 

where 7 is the specific power input. For geometrically 
similar crystallizers, such an approach predicts the same 
nucleation rate at a given specific power input (provided 
flow is in the fully turbulent region). For constant stirrer 
speed, the nucleation rate depends on S2, where S is the 
linear scale of the crystallizer. 

Other studies have generally been directed at evaluating 
more rigorous expressions for E ( L )  and o ( L )  . For exam- 
ple, Equation (12) assumes that all crystals passing 
through the region of the propeller have an equal prob- 
ability of collision. In practice this will not be the case, 
and Equation (12) is better written as 
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TABLE 3. COMPARISON OF SECONDARY NUCLEATION MODELS 
AS DEFINED BY EQUATIONS (21) AND (22) 

b c i  

Jong ( 1973) pd’/Vc 3 2  3 

- - -  Author f ( G )  

Ottens and de 

Evans et al. (1974) pd55/Vc 3 2.5 2.5 
Jancic (1976) p(d5/dD2) (Vprop/Vc) 4 3 4 

o ( L )  = q p  mew (15) 

where qp is a “collision efficiency” for the propeller and 
meXp is the frequency of exposure to the propeller, given 
by Equation ( 12). 

Evans et al. (1974) use a numerical simulation describ- 
ing the trajectory of a particle past the propeller to esti- 
mate both qp (which they termed “efficiency of collec- 
tion”) and the collision velocity. For collisions between 
crystals and propeller arising from the bulk flow, the re- 
sulting equation is of the form 

8, a p d5.5 N 3  p2.b/Vc a ( p / N p )  F 112.5 ( 16) 

Bauer et al. (1974)) Jancic (1976) and Nienow (1976) 
suggest that a “target efficiency” could be used to repre- 
sent T ~ .  By analogy with the general problem of particle 
collisions with a moving object (e.g. Bosenquet 1950, Perry 
and Chilton 1973), the target efficiency would be ex- 
pected to be a function of a dimensionless ‘separation 
number’ Nsep, which for the present case can be defined 
by 

Nsep = vt ut/d g (17) 

The crystal terminal velocity is given by 

Ut  = [ 4gL (Pc - P S I  ‘/a 

3P.s CD 1 
Crystal size distributions grown in continuous crystallizers 
comprise a wide range of sizes so a unique definition 
of the corresponding drag coefficients in terms of Reynolds 
numbers is difficult. Jancic (1976) assumes that crystals 
in the Stokes’ law region ( R e  < 2)  do not collide with 
the impeller blades and that there are very few crystals 
in the Newton’s law region (Re  > 500). The drag coeffi- 
cient may then be represented by the empirical equation 
for spheres in the intermediate region, cD = 1S.5/NRe0,6 
For potash alum crystals growing in slightly supersatu- 
rated solution at 30°C the intermediate region corresponds 
to the size range between about 150 and 2,500 pm. In 
this case, the terminal velocity for a given crystallizing 
system (i.e. constant physical properties) is represented 
as uta L1.14 or to an approximately linear dependence of 
terminal velocity on crystal size. Thus, for a given system 
Jancic writes Equation (17) as 

He also suggests that two other parameters will affect 
the collision efficiency in the DTB configuration used in 
the present study. First, the ratio of projected propeller 
blade area in the plane perpendicular to the axis of rota- 
tion, A B ,  to the cross-sectional area of the draft-tube 
?rdD2/4, will affect the probability of whether a particle 
will traverse the propeller area. Second, the crystal resi- 
dence time in the propeller area will affect the probability 
of collision, and for a given circulation velocity, will be 
a function of the width of the propeller blades, H. The 
collision efficiency is thus written as 

and so 
qp 0: NL AB H/dD2 a NL vp,,/dD2 (19) 

gt a p(d5 /d~2)  (Vprop/Vc)N4~4  (20) 
All the above developments give rise to nucleation rate 

equations having the general form 

(21) BTOT = &f(G) N b  pj Acm 

where f (G)  is a function of crystallizer geometry and size. 
For geometrically similar vessels, the size of which is 
characterized by a length scale S, Equation (21) can 
be written 

(22) BTOT a sc N b  pj Acm 

Values of f (G)  , b, c and j are summarized in Table 3 for 
the equations of Ottens and de Jong (1973), Evans et al. 
( 1974), and Jancic ( 1976). 

The experimental nucleation rates shown in Figure 5 
and represented by Equation (7)  are compared with these 
expressions, In all cases, j was taken as 3, since in prac- 
tice the third moment is comparatively simple to mea- 
sure and is directly related to process design parameters. 
Thus pj = MT, the suspension density. On the basis of 
Equation (21),  B T O T / N ~ M T  was correlated with AC to 
determine KN f(G) and m. The best value of m was 2.52 
when b = 4 [as given in Equation (7 ) ]  and 2.43 when 
b = 3. The ratio of K N ~ ( G )  for the 5 or 30 litre crystallizer 
to that for the 1.3 litre vessel should then equal the corre- 
sponding ratios of f (Gf  determined from the vessel geom- 
etry. The results of these calculations are shown in Table 
4. 

All three approaches are reasonably successful in pre- 
dicting the differences in nucleation rates obtained in the 
three crystallizers. Starting with the kinetics in the 1.3 litre 
vessel, the equation of Jancic is most reliable in predicting 
the nilcleation rate on the 5 litre scale, while that of Ottens 
gives excellent agreement with the rate found in the 30 litre 
crystallizer. Considering the scatter of the experimental 
data illustrated in Figure 5, it is not possible to distinguish 
between the relative merits of the three approaches. It 
is, however, noteworthy that the secondary nucleation 
kinetics represented by Equation (7 )  were found to fol- 
low a fourth-order dependence on stirred speed, as sug- 
gested by the development of Jancic. 

TABLE 4. RATIOS OF f (  G ) / f (  G)1.3 litre AS PREDICTED BY DIFFERENT AUTHORS, COMPARING GEOMETRIC AND 
HYDRODYNAMIC CONSIDERATIONS WITH EXPERIMENTAL VALUES CALCULATED FROM MEASURED NUCLEATION KINETICS 

Ottens and de lone Evans et al. 
I ”  

( 1973) ( 1974) capacity (litre) 
Crystallizer Geometry Kinetics Geometry Kinetics 

5 
30 

1.96 0.50 2.51 0.50 
14.0 14.2 24.3 14.2 
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Jancic 
(1976) 

Kinetics Geometry 

1.02 0.55 
38.3 25.8 
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DISCUSSION 

One of the objectives of this study is to determine the 
size-dependent secondary nucleation rate in a conven- 
tional MSMPR crystallizer from independent measure- 
ments of the size-dependent crystal growth rate and the 
population density. This part of the study is not success- 
ful. A number of different factors are responsible for this. 

Firstly, the shape of the population density plot (Fig- 
ure 2)  suggests that many secondary nuclei are produced 
at sizes smaller than the minimum size down to which 
measurements were made, i.e., below about 5 pm. This 
has been confirmed by direct observation and measure- 
ment (Garside and Larson 1978, Garside et al. 1979). 
Limitations in the experimental technique associated with 
the Coulter Counter prevents measurements being made 
in smaller size ranges, but even if the experimental diffi- 
culties had been overcome and measurements at smaller 
sizes achieved, difficulties in interpretation would still re- 
main. 

Randolph and his co-workers (Randolph and Cise 
1972, Youngquist and Randolph 1972) used a similar 
Coulter Counter and obtained data points down to about 
2 Prn when measuring CSDs resulting from secondary 
nucleation in a “mini-nucleator.” Their population density 
plots are very similar in shape to those reported here, but 
they encountered similar problems in calculating and in- 
terpreting nucleation rates. As Youngquist and Randolph 
( 1972) point out, their calculation procedure inevitably 
introduces a degree of arbitrariness into the definition of 
total nucleation rate, since data points are not available 
down to the smallest size at which secondary nuclei are 
produced. Extrapolation through small size ranges still 
has to be employed, and it is in the very small size ranges 
that growth and nucleation rates appear to be most 
strongly dependent on crystal size. 

Second, the accuracy required in determining n( L )  and 
G ( L )  at very small sizes for the subsequent determina- 
tion of B ( L )  was not achieved (this point has been dis- 
cussed earlier). 

For potash alum, the sharp increase in population den- 
sity at small sizes results from a combination of size- 
dependent growth rates and a size-dependent secondary 
nucleation mechanism. Two limiting assumptions made in 
some previous studies, 1)  that growth rates of very 
small crystals are zero or 2)  that all nuclei are produced 
at zero size, are both invalid for potash alum. Growth 
rates of crystals in the larger size-ranges measured in 
independent experiments are in good agreement with 
rates deduced from the crystal size distribution, as can be 
seen from Figure 4 and from other results (Garside and 
Jancic 1978). Prediction of growth kinetics for a wide 
range of hydrodynamic conditions from measurements un- 
der quite different conditions can be made. Use of a simple 
series-resistance model of crystal growth with conven- 
tional mass transfer correlations describing the bulk diffu- 
sion resistance appears a reasonably reliable technique. 

Nucleation kinetics are very much more difficult to 
scale-up. Nevertheless, the models for secondarv nuclea- 
tion derived from Equation (10) and compared here are 
reasonablv successful. The success of such equations can 
be assessed by using the nucleation kinetics in the 1.3 litre 
crystallizer to predict the rates in the 5 and 30 litre vessels. 
Figure 7 shows these predictions made on the basis of 
Jancic’s equation (Equation 20), together with the ex- 
perimental rates from the two larqer vessels. While the 
predicted values are somewhat higher than the measured 
points, the difference does not exceed a factor of 2. The 
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Figure 7. Prediction of nucleation rates in the 5 and 30 litre crystal- 
lizers from measurements in the 1.3 litre crystallizer, using Equation 

(20) (solid lines). Points show experimental nucleation rates. 

greatly enhanced nucleation rates in the 30 litre vessel are 
in line with those predicted by the equation. 

Nucleation models used here assume that all nuclei are 
generated by crystaVpropeller collisions. The success of 
such models, therefore, supports the view that such colli- 
sions are the dominant mode of nuclei production for the 
potash alum/water system. Maximum suspension density 
used in this study is about 120 g crystals/litre solution, and 
this only in the 1.3 litre crystallizer (see Table 2) .  Many 
industrial crystallizers operate with suspension densities 
two or more times higher than this. Under such condi- 
tions, cvstal/crystal collisions may become a significant 
source of nuclei. 

Nucleation kinetics derived using the Coulter Counter 
[Equation ( 7 ) l  and sieves [Equation (S)] result not 
only in very different absolute nucleation rates, but also 
in a different dependence of nucleation rate on both stirrer 
speed and concentration driving force. The relation be- 
tween these two nucleation rates can be explored using 
the simple model shown in Figure 8. This represents an ex- 
perimental population density plot obtained in an MSMPR 
crystallizer under conditions of size-dependent growth. 
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Figure 8. Simplified model for growth rates of small crystals. 

The CSD in the small size range (0 6 L 4 Ls)  is ap- 
proximated by a straight line, with a slope corresponding 
to some effective growth rate of small crystals Gs. Simi- 
larly, the CSD in the large size range ( L  Ls)  is also 
represented by a straight line, with the slope correspond- 
ing to an effective growth rate of large crystals, GL. The 
discontinuity at Ls occurs since at this point the number 
flux must be continuous and so 

nlGs = nzGL, at L = LS (23) 
Hence, n1 > n2 if GL > Gs. The resulting population den- 
sity plot is an approximation to that obtained in the 
present work with LS 2: 30 pm. 

For the size range 0 4 L 6 Ls, 
n = no exp ( -  L/GsT) 

while for L Ls 

n = noeff exp ( -  L/GLT) 

Substituting into Equation (23) gives 

or 
GsnO exp ( - Ls/GsT) = CLno,ff exp ( -  Ls/GLT) 

This description is similar to that for an MSMPR crystal- 
lizer with fines destruction (Randolph and Larson 1971, 
Larson and Garside 1973). In the present case, however, 
it is the difference in growth rate for small and large crys- 
tals rather than difference in residence time that results 
in “wash-out” or “destruction“ of fines. 

From Equation (24), provided GS < GL, then noeff < 
no, ie., the effective nuclei population density is less than 
the “true” value, no. 

Writing Bo = no Gs (so assuming all nuclei are pro- 
duced at L = 0)  and Boe.f = noeff GL, where BO can be 
thought of as the “true” nucleation rate and Boeff as the 
effective rate, Equation (24) can be rewritten 

where Boeff/Bo is the fraction of nuclei which are retained 
in the crystallizer for a sufficient length of time to populate 
the larger size ranges. Letting rs = Ls/Gs, the time for 
nuclei to grow to size Ls, and rL = L ~ G L  which repre- 
sents the time for the nuclei to grow to size Ls if they 
grew at the same rate as the larger crystals, Equation 
(25) can be expressed as 

-= BOefi exp (-) 
BO 

Finally, if GS << GL, then rL << rs and Equations (25) 
and (26) can be simplified to give 

- e e x p ( - - ) = e x p ( - ~ )  BOeff Ls (27) 
BO Gsr 

Equation (27) indicates that the value of Boeft/Bo is a 
function of the ratio rS/ r .  The effective nucleation rate, 
therefore, depends on the growth rate of the small 
crystals and the value of LS and, to a lesser extent, on 
the growth rate of large crystals [see Equation (25)]. It 
depends also on the crystallizer residence time. If the 
residence time is sufficiently long for significant numbers 
of small crystals to grow to. larger sizes, then BOeff will 
approach BO. For very short residence times, on the other 
hand, the vast majority of nuclei will be washed out of 
the crystallizer before they have chance to grow and 
populate the larger sizes and so Boeff will be very much less 
than BO. 

The dependence of Boeff on concentration driving force 
and stirrer speed can be deduced from Equation (25 ) .  
The nucleation rate is given by an equation of the form 
shown in Equation (6) : 

BO a N b  4cm (28) 

while the growth rates of small and large crystals can be 
written 

and 

In general, growth rates of small crystals will be surface 
integration controlled (Garside et al. 1976, Garside and 
Jancic 1976), and so will be independent of stirrer speed. 
The growth rate of larger crystals may be affected by 
stirrer speed if diffusion of solute to the crystal surface 
offers significant resistance to the growth process. In gen- 
eral, 0 c 6 0.5. 

Combining Equations (28) - (30) with Equation (25) 
gives 

Gs a Ace (29) 

GL a N C  A d  (30) 

BoeffaNbAcmexp [--(---)I Ls a B (31) 
NCACf Ace 

where (Y and B are constants at  a given Ac and N .  Boeff 
depends on AC and N in a complicated manner since these 
two variables appear in both the pre-exponentiaI and the 
exponential terms. Further Boeff is a function of residence 
time, which itself affects the steady-state value of A c  in 
the cgfistallizer. 

The above arguments emphasize the inherent arbitrari- 
ness and empiricism involved in correlations for Boeff. 
The similarity of the exponents of Ac and the difference in 
the exponents of N shown in Equations (7 )  and (8) are 
probably coincidental, and little or no information con- 
cerning the mechanism of nucleation can be obtained 
from measurements of Boeff. This is not to say that such 
measurements cannot be used for design or crystallizer 
evaluation purposes. Indeed, there is evidence that they 
are extremely valuable. The empirical nature and sub- 
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sequent limitations of such measurements must, however, 
be recognized. 

NOTATION 

= exponent of magma density, Equation ( 6 )  
= projected propeller blade area 
= exponent of stirred speed, Equations (6) and (21) 
= total nucleation rate, Equation ( 2 ) ,  s litre 
= birth function 

TOT = total secondary nucleation rate 
= nucleation rate determined using sieves, s litre 
= exponent of length scale, Equation (22) 
= drag coefficient 
= concentration driving force, g alum/g solution 
= propeller discharge coefficient 
= draft-tube diameter 
= stirrer diameter 
= rate of energy transfer to crystals 
= collision energy 
= geometric parameter, Equation (21) 
= acceleration due to gravity 
= size-dependent growth rate 
= growth rate a t  L = 0, pm/s 
= growth rate of large crystals ( L  > Ls)  
= growth rate of small crystals ( 0  < L < Ls)  
= width of impeller blades 
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Heat Transfer with Stratified Gas- 
Liquid Flow 

This article presents a method for predicting local Nusselt numbers for 
heat transfer to a stratified gas-liquid flow for turbulent liquidhurbulent gas 
conditions. A mathematical model based on the analogv between momentum 
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D, 

transfer and heat transfer is developed and tested, using heat transfer and and 
fluid mechanics data taken for air/water flow in a- 63.5Lm I.D. tube. The 
fluid mechanics parameters required for the prediction of the heat transfer CHRISTOPHER J. GUZY 
characteristics are obtained in the manner outlined elsewhere. Liquid phase 
Nusselt numbers predicted by the analogy are shown to be in agreement with 
experimental results for large and small amplitude wavy interfacial condi- 
tions. The circumferential average gas phase Nusselt numbers are in rough 
agreement with the Dittus-Boelter equation for single phase flow based on 
flow through a conduit of irregular shape. Thcre is a tendency for the 
average gas phase Nusselt numbers to scatter about predicted values be- 
cause of the effects of splashing and droplet deposition on the tube wall 
in the vicinity of the gas-liquid interface. 

Department of Chemicol Engineering 
Clarkson College of Technology 

Potrdam, New York 13676 

SCOPE 
Two-phase gas-liquid flow with heat transfer occurs in 

a variety of process equipment, including feed preheaters 
for gas-liquid reactors, cooler/condensers, reboilers, evap- 
orators and distillation equipment. Horizontal stratified 
flows occurring in heat exchange equipment involve heat 
transfer to both phases, and the prediction of the heat 
transfer characteristics is complicated by the existence of 
interfacial waves and droplet formation at higher gas and 
liquid flow rates. Depending on the flow rates, small 
amplitude capillary waves or large amplitude roll waves 
occur, and when the gas flow rate is sufficiently high, sig- 
nificant droplet entrainment occurs-to further complicate 
the heat transfer process. 

In this article, we analyze and support by experimental 

data, the transfer of heat to a turbulent/turbulent stratified 
flow in a horizontal pipe. Fluid flow characteristics of strati- 
fied gas-liquid flows are now reasonably predictable due, 
to the studies of Yu and Sparrow (1967) on laminar/ 
laminar flows, of Etchells (1970), Govier and Aziz (1972), 
Agarwal et al. (1973) and Russell et al. (1974) on laminar 
liquid/turbulent gas flows and of Cheremisinoff and Davis 
(1979) in a companion paper on turbulent/turbulent flows. 
But considerably less work of a fundamental nature has 
been done on the heat transfer characteristics of such flows. 
Rosson and Myers (1965) and Davis (1975) had consider- 
able success in applying the von Karman analogy to gas- 
liquid flow heat transfer, and we extend these concepts and 
test the analysis with new data for aidwater flow. 

CONCLUSIONS AND SIGNIFICANCE 
An analogy between momentum transfer and heat trans- 

fer can be applied to predict the heat transfer character- 
istics of the liquid layer of a stratified gas-liquid flow, 
even when appreciable wave action occurs at the gas- 
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liquid interface. Using wall shear stresses predicted by the 
method outlined in a companion paper and using the geo- 
metric model of that paper, we predict liquid phase Nus- 
selt numbers within 20% of measured values over a 
fairly wide range of flow rates and interfacial conditions. 
Even when some droplet entrainment occurs, our analysis 
agrees with experiments, but such agreement cannot be 
expected to hold at high gas flow rates, for which an ap- 
preciable fraction of the liquid is entrained. 
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